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Abstract Convex underestimation techniques for nonlinear functions are an essential part
of global optimization. These techniques usually involve the addition of new variables and
constraints. In the case of posynomial functions xα1

1 xα2
2 . . . xαn

n , logarithmic transformations
(Maranas and Floudas, Comput. Chem. Eng. 21:351–370, 1997) are typically used. This
study develops an effective method for finding a tight relaxation of a posynomial function

by introducing variables y j and positive parameters β j , for all α j > 0, such that y j = x
−β j
j .

By specifying β j carefully, we can find a tighter underestimation than the current methods.

Keywords Convex underestimation · Posynomial functions

1 Introduction

Convex underestimation techniques are frequently applied in global optimization algorithms.
A good convex underestimator should be as tight as possible and should require a mini-
mal number of additional variables and constraints. Floudas [8,9] present various convex
underestimating techniques. Ryoo and Sahinidis [21] studied the use of arithmetic intervals,
recursive arithmetic intervals, logarithmic transformations, and exponential transformations
for multilinear functions. Liberti and Pantelides [14] proposed a nonlinear continuous and
differentiable convex envelope for monomials of odd degree. Pörn et al. [20] presented differ-
ent convexification strategies for nonconvex optimization problems. Björk et al. [4] studied
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convexifications for signomial terms, introduced properties of power convex functions and
studied quasi-convex convexifications.

Tardella [22] studied the class of functions whose convex envelope on a polyhedron coin-
cides. Meyer and Floudas [19] described the structure of the polyhedral convex envelopes
of edge-concave functions over polyhedral domains using geometric arguments and showed
the improvements over the classical αBB convex underestimators for box-constrained opti-
mization problems. Caratzoulas and Floudas [5] developed convex underestimators for trig-
onometric functions. Akrotirianakis and Floudas [1,2] introduced a new class of convex
underestimators for twice continuously differentiable nonlinear programs, studied their the-
oretical properties, and proved that the resulting convex relaxation is improved compared to
the α BB one. More recently, Gounaris and Floudas [10,11] presented a piecewise application
of the α BB method that produces tighter convex underestimators than the original variants.

Three popular convex underestimation methods include arithmetic intervals (AI) [12],
recursive arithmetic intervals (rAI) [12,15,21], and explicit facets (EF) for convex envelopes
of trilinear monomials [17,18]. However, these current methods have difficulty in treating a
posynomial function. Since the number of linear constraints of convex envelopes for a mul-
tilinear function with n variables grows doubly exponentially in n, it is more difficult for AI
to treat a posynomial function for n > 3 cases. Moreover, applying the rAI scheme to under-
estimate a multilinear function x1x2 . . . xn requires use of exponentially many 2n−1 linear
inequalities. Therefore, the rAI bounding scheme also has difficulty in treating posynomial
functions.

EF [17,18] provide the explicit facets of the convex and concave envelopes of trilin-
ear monomials. The explicit facets of the convex envelope are effective in treating general
trilinear monomials but the derivation of explicit facets for the convex envelope of general
multilinear monomials and signomials remains an open problem. Li et al. [13] proposed a new
method for the convex relaxation of posynomial functions. xα1

1 xα2
2 . . . xαn

n via the reciprocal
transformation and linear underestimation of the concave terms.

This study proposes a novel method of convex relaxation for posynomial functions f (X) =
xα1

1 xα2
2 . . . xαn

n . For α j > 0, we introduce variable y j and positive parameter β j such that

y j = x
−β j
j . We denote yU

j as the linear function of β j satisfying y j ≤ x
−β j
j ≤ yU

j . By spec-

ifying β j carefully so as to minimize the difference between yU
j and y j , we underestimate

f (X) tightly. The proposed method can obtain very tight results, and this is demonstrated
with a number of examples drawn from the literature.

This paper is organized as follows. Section 2 develops the convex underestimators for
posynomial functions. Section 3 specifies the value of β j , while the numerical examples are
given in Sect. 4.

2 Convex underestimator of a posynomial function

This section presents a new method to develop a convex underestimator for a twice-differ-
entiable posynomial function f (X) = xα1

1 xα2
2 . . . xαn

n , where X = (x1, . . . , xn), 0 < x i ≤
xi ≤ x̄i , αi ∈ � for i = 1, 2, . . . , n, and c ∈ �. Let H(X) be the Hessian matrix of f (X)

and Hi (X) be the i th principal minor of H(X). The determinant of H(X) and Hi (X) can be
expressed as

det H(X) = (−1)n

(
n∏

i=1

αi xnαi −2
i

) (
1 −

n∑
i=1

αi

)
(1)
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and

det Hi (X) = (−1)k

(
k∏

i=1

αi xkαi −2
i

) ⎛
⎝ n∏

j=k+1

x
kα j
j

⎞
⎠

(
1 −

k∑
i=1

αi

)
, k = 1, . . . , n − 1. (2)

If xi ≥ 0 and αi < 0∀i , then det H(X) ≥ 0 and det Hi (X) ≥ 0.

The following proposition holds:

Proposition 1 A twice-differentiable posynomial function

f (X) = xα1
1 xα2

2 . . . xαn
n ∀xi > 0 (3)

is a convex function when αi < 0 ∀i .

From Proposition 1, we deduce the following rules for a general posynomial function f (X)

as in (3).

Rule 1 If αi < 0∀i, then f (X) is already a convex function by Proposition 1. No convexifi-
cation is required.

Rule 2 If α j > 0 for some j, j /∈ I, I = {k|αk < 0 ∀k = 1, . . . , n}, then we convert f (X)

into a new function

f (X, Y) =
∏
i∈I

xαi
i

∏
j /∈I

y
− α j

β j
j (4)

where

y j = x
−β j
j , β j are constants, 0 < β j ≤ 1. (5)

Since f (X, Y) is a convex function, we only need to relax (5) for all j /∈ I .

Let us now focus on relaxing the equality (5). Since x
β j
j ≤ x

β j
j ≤ x̄

β j
j and 1

x̄
β j
j

= y
j

≤
y j ≤ ȳ j = 1

x
β j
j

, we have:

(
x

β j
j − x

β j
j

) ⎛
⎝y j − 1

x̄
β j
j

⎞
⎠ ≥ 0. (6)

Owing to

x
β j
j y j = 1 and − x

β j
j ≤ −

⎛
⎝x

β j
j + x̄

β j
j − x

β j
j

x̄ j − x j
(x j − x j )

⎞
⎠ . (7)

It is obvious

y j ≤ 1

x̄
β j
j

+ 1

x
β j
j

− 1

x̄
β j
j x

β j
j

⎛
⎝x

β j
j + x̄

β j
j − x

β j
j

x̄ j − x j
(x j − x j )

⎞
⎠

= x
−β j
j + x̄

−β j
j − x

−β j
j

x̄ j − x j
(x j − x j ). (8)
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We then deduce the following proposition:

Proposition 2 Consider a twice-differentiable non-convex function f (X) = xα1
1 xα2

2 . . . xαn
n ,

0 < xi ≤ xi ≤ x̄i ∀i, where xi and x̄i are respectively the lower and upper bounds of xi .
Let I = {k|αk < 0 ∀k = 1, . . . , n}. The lower bound of f (X) can be obtained by solving the
following convex problem.

Min
x,y

∏
i∈I

xαi
i

∏
j /∈I

y
− α j

β j
j

s.t. y j ≤ yU
j , j /∈ I,

(9)

yU
j = x

−β j
j + x̄

−β j
j −x

−β j
j

x̄ j −x j
(x j − x j ),

where x̄
−β j
j ≤ y j ≤ x

−β j
j , and 0 < β j ≤ 1.

(10)

Remark 1 A smaller β j in Proposition 2 means that yU
j is tighter to y j , as presented

in Fig. 1.

The value of β j affects the tightness of yU
j to y j . However, given the restriction of computa-

tional accuracy, β j cannot be chosen arbitrarily close to zero. The next selection computes the
lowest possible value of β j so that there exists a computationally distinguishable distance
between the two functions, thus preventing the round-off error in the computer’s floating
computation.

3 Selection of β j

The selection of β j is the same as solving the following optimization program:
Min β j .
s.t. yU

j − y j ≥ ε, where ε is the accuracy of the computer.
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The maximal value of 1

x̄
β j
j

+ 1

x
β j
j

− 1

x̄
β j
j x

β j
j

y−1
j − y j is

(
x

−0.5β j
j − x̄

−0.5β j
j

)2
, appearing at

y j = x
−0.5β j
j x̄

−0.5β j
j where

∂

⎛
⎝ 1

x̄
β j
j

+ 1

x
β j
j

− 1

x̄
β j
j x

β j
j

y−1
j −y j

⎞
⎠

∂y j
= 0. Therefore, β j needs to satisfy:

(x
−0.5β j
j − x̄

−0.5β j
j )2 ≥ ε. (11)

Let g1(β j ) = x
−0.5β j
j as a continuous function of β j . The Taylor expansion of g1(β j ) is

g1(β j ) = ∑∞
n=0

g(n)
1 (β0

j )

n! (β j − β0
j )

n . Choosing β0
j = 0, we have

g1(β j ) = g1(0) + g′
1(0)β j + g′′

1 (0)

2! β2
j + · · · + g(n)

1 (0)

n! βn
j + · · · = 1+

∞∑
n=1

βn
j

n! (−0.5 ln x j )
n

Similarly, let g2(β j ) = x̄
−0.5β j
j that leads to g2(β j ) = 1 + ∑∞

n=1
βn

j
n! (−0.5 ln x̄ j )

n .

We then have
(

x
−0.5β j
j − x̄

−0.5β j
j

)2 = (
g1(β j ) − g2(β j )

)2

=
( ∞∑

n=1

βn
j

n!
(
(−0.5 ln x j )

n − (−0.5 ln x̄ j )
n
))2

=
( ∞∑

n=1

An

)2

, (12)

where we have defined An = βn
j

n! ((−0.5 ln x j )
n − (−0.5 ln x̄ j )

n) for all n = 1, 2, . . . ,∞.
It is clear that A1, A3, A5, . . . are always positive. If ln(x̄ j x j ) ≤ 0 then A2, A4, A6, . . .

are also non-negative, otherwise A2, A4, A6, . . . are negative.
For instance, consider A2:

A2 = β2
j

2

(
0.25(ln x j )

2 − 0.25(ln x̄ j )
2
)

= −0.125β2
j

(
ln(x̄ j x j ) · ln

x̄ j

x j

)
(13)

It is obvious that A2 ≥ 0 if and only if ln(x̄ j x j ) ≤ 0.

Proposition 3 T he β j parameter in Proposition 2 can be selected as follows.

(i) I f ln(x̄ j x j ) ≤ 0, then

β j ≥ 2
√

ε

ln x̄ j/x j
, (14)

where: ε is the accuracy of the computer.
(ii) I f ln(x̄ j x j ) > 0, then

β j ≥ 4 ln x̄ j/x j − √
G

2 ln x̄ j/x j · ln(x̄ j x j )
, (15)

where:

G = 16 ln x̄ j/x j

(
ln x̄ j/x j − 2

√
ε ln(x̄ j x j )

)
(16)

and ε should satisfy:

“computer accuracy” ≤ ε ≤
(

ln x̄ j/x j

2 ln(x̄ j x j )

)2

. (17)
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Proof Case 1 ln(x̄ j x j )≤ 0

In this case, Ak > 0 ∀k and
(∑∞

k=1 Ak
)2 ≥ A2

1 =
(

0.5β j ln x̄ j/x j

)2
. For (11) to hold, it

suffices to have
(

0.5β j ln x̄ j/x j

)2 ≥ ε, which results in (14).

Case 2 ln(x̄ j x j ) > 0
In this case, A2, A4, A6, . . . are negative. If we choose β j so as to satisfy

A1 + A2 ≥ √
ε, (18)

then it will also hold that A2k−1 + A2k ≥ 0, k = 2, 3, . . . ∞. Therefore, in such a case we
would have

(
x

−0.5β j
j − x̄

−0.5β j
j

)2 =
(

A1 + A2 +
∞∑

k=2

(A2k−1 + A2k)

)2

≥ ε. (19)

We now focus on examining the required conditions for the β j parameters, so that Eq. 18
holds:

(19)⇔ β j (0.5 ln x̄ j − 0.5 ln x j ) + 0.5β2
j (0.25 ln2 x j − 0.25 ln2 x̄ j ) ≥ √

ε

⇔ −(ln x̄ j − ln x j )(ln x̄ j + ln x j )β
2
j + 4β j (ln x̄ j − ln x j ) − 8

√
ε ≥ 0

⇔ ln x̄ j/x j · ln(x̄ j x j )β
2
j − 4 ln x̄ j/x jβ j + 8

√
ε ≤ 0.

Denoting G as in (16), we get

(
β j − 4 ln x̄ j /x j −

√
G

2 ln x̄ j /x j ·ln(x̄ j x j )

)(
β j − 4 ln x̄ j /x j +

√
G

2 ln x̄ j /x j ·ln(x̄ j x j )

)
≤ 0,

which results to
4 ln x̄ j /x j −

√
G

2 ln x̄ j /x j ·ln(x̄ j x j )
≤ β j ≤ 4 ln x̄ j /x j +

√
G

2 ln x̄ j /x j ·ln(x̄ j x j )
.

Since G need to be non-negative, the computation accuracy ε we use should satisfy
(17). 
�

4 Numerical examples

Two examples are presented so as to demonstrate the tightness of the proposed convex under-
estimation technique and compare it to other methods such as the root node lower bound
of BARON [23], exponential transformations (ET) [16,20], and reciprocal transformations
(RT) [13]. The numerical examples were coded in the GAMS v21.7 [3] environment. The
ET, RT and proposed method relaxations were solved using the CONOPT3 solver [7], while
the BARON (root node) results were obtained both with BARON version 7.2.5, as well as
through the version maintained in the NEOS Server for Optimization [6].

Example 1 Find the underestimation of the following function: f (X) = x1x2x3x4x5 −
x0.5

2 x0.5
4 − 3x1 − x5, 1 ≤ x1, x ,

2x3, x4, x5 ≤ 100

Let xi = y
− 1

β

i for i = 1, 2, . . . , 5. A convex relaxation is formulated as follows:

Min f (X, Y ) = y
− 1

β

1 y
− 1

β

2 y
− 1

β

3 y
− 1

β

4 y
− 1

β

5 − x0.5
2 x0.5

4 − 3x1 − x5.

s.t. yi ≤ 1 + 100−β−1
100−1 (x j − 1), i = 1, 2, . . . , 5,

where 1 ≤ xi ≤ 100, 100−β ≤ yi ≤ 1, for i = 1, 2, . . . , 5.
The β parameter is selected as follows:
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Table 1 Comparisons of lower bound results for examples

Scheme BARON (root node) ET RT Proposed method Global Optimum

Example 1 −499 −209.220 −317.076 −209.477 −202

Example 2 −49.4716 −43.9794 −48.8309 −43.9812 −39.7601

We have ln(1 · 100) > 0, therefore, case (ii) of Proposition 3 applies.

We select ε = 10−6 <
(

ln x̄ j /x j
2 ln(x̄ j x j )

)2 = 0.25.

From Eqs. 20 and 21, we calculate

β j ≥ 4 ln 100/1 − √
G

2 ln 100/1 · ln(100 · 1)
≈ 4 ln 100 − √

338.6428361

2 ln 100 · ln 100
≈ 0.00434512

Solving this convex program with GAMS/CONOPT, we obtain the solution (x1, x2, x4, x5,

y1, y2, y3, y4, y5) = (90.483591, 1, 1, 1, 0.98209321, 1, 1, 1, 1), which corresponds to a
lower bound of −209.477. The maximal number of required additional linear constraints
is 5. Table 1 lists the results from BARON root node, ET, RT (corresponding to β = 1),
proposed method, and known solution. It shows that the lower bound of the proposed method
is comparable to ET and much tighter than the other two approaches.

Example 2 f (X) = x−2
1 x−1.5

2 x1.2
3 x3

4 − 3x0.5
3 + x2 − 4x4, 0.01 ≤ x1, x2, x3, x4 ≤ 10.

Let xi = y
− 1

β

i , i = 3, 4. Solving following program:

Min f (X,Y) = x−2
1 x−1.5

2 y
− 1.2

β

3 y
− 3

β

4 − 3x0.5
3 + x2 − 4x4

s.t. y j ≤ 0.01−β + 10−β−0.01−β

10−0.01 (x j − 0.01), j = 3, 4

where 10−β ≤ y j ≤ 0.01−β, j = 3, 4,

0.01 ≤ xi ≤ 10, i = 1, 2, 3, 4.

The β parameter is selected as follows:
We have ln(0.01 · 10) ≤ 0, therefore case (i) of proposition 3 applies.

We select ε = 10−6 and use Eq. 14 to calculate β j ≥ 2
√

ε

ln 10/0.01 ≈ 0.00028953.

Solving the convex relaxation with GAMS/CONOPT, we obtain (x1, x2, x3, x4, y3, y4) =
(10, 1.31724, 4.23897, 10, 1.00049, 0.99934), which corresponds to a lower bound of
−43.9812. The comparison results are shown in Table 1.

5 Conclusion

This study integrates the convexification techniques and the bounding schemes to construct
a convex lower bound for a posynomial program. By specifying properly the value of the β j

parameters, the convex relaxations produced provide tight bounds to the global optimum of
the posynomial program. Comparing with other underestimation/relaxation techniques, the
proposed method produces underestimators of comparable or much better tightness.
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